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ON THE PROJECTIVITY OF STRESSES IN A PLANE. 



By ARNOLD EMCH, Pb. D., The University of Colorado. 



1. For geometrical purposes we may assume that a solid having the shape 
of a slab and subjected to stresses parallel to its forces reduces to a plane surface 
of infinitesimal thickness. If we now consider any point A of the plane, and 
the pencil of rays passing through this point, every ray represents a section 
which is subject to definite strains. Let s be such a ray and Asa small line- 
element of s at the point A, and 
A R the resultant of the strains 

acting upon as; then — = is 
A it 

called the specific stress in the 
line element A s and is evident- 
ly also expressed by 



ds 



dR 
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--P, say. 




In general the quantity p 
is different for every section and may assume a maximum and minimum at a 
point A. The laws of specific stresses of all sections through A may easily be 
obtained by the methods of graphic statics* and are as follows : 

(a). If /> is the specific stress acting at A upon a section S, then the specific 
stress />' acting upon a section S' which is parallel to p, is parallel to S ; i. e., if 
S' is parallel to the direction of p, then p' is parallel to the direction of S. 

(b). All pairs of rays S and S' defined by (a) form an involution of rays. 
As each involution contains a rectangular pair, r perpendicular to r', it follows that 
at each point A there are two perpendicular sections each of which is perpendicular 
to its corresponding specific stress. 

(c). If the involution has double rays, it is evident that there are only shear- 
ing stresses along these sections. These rays separate the sections in which the ma- 
terial is only subjected to tensions from those subjected to compression only. If one 
ray S is subjected to tension, then the corresponding ray S' is subjected to compres- 
sion only. The same is true of the rectangular pair (r, r'). 

(d). If the double rays of the involution are imaginary, then all sections are 
snbjected to only one kind of stresses, either tension or compression. In this case 
there are two perpendicular sections at A which are subjected to normal stresses of 
the same kind. 

2. In both kinds of involution it is now possible to construct two systems 
of curves in a plane, so that all tangents of these curves, representing sections 
through the material, are perpendicular to their corresponding stresses. 



♦See Hitter, Anwenendungen Qraphiechen Statik, Vol. I, pages 1—25. Zurich. 
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In the case of an hyperbolic involution (c) these curves consist of two or- 
thogonal systems of curves of normal compressions and tensions. If the involu- 
tion is elliptic the orthogonal systems consist of curves whose tangents are all 
subjected to the same kind of normal stresses, i. e., either to tension or to com- 
pression only. The first case is well known in graphic statics. Little attention 
has, however, been paid to the elliptic involution of stresses in a plane, and it 
will be interesting to illustrate this case by a few examples which strikingly ex- 
hibit the character of orthogonality of the curves of normal tensions. 

If the material of a slab is only subjected to external tensions, the curves 
of normal tensions will resemble those of the adjoining figure. 

As soon as the stresses in certain portions of the material exceed the 
strength of the material, the rupture of the material will take place along the 
curves of normal tensions, as it is evident from the figure. 

This fact is beautifully illustrated by the cracks that form in a drying mass 
of mud along a river, where by the contraction of the mass only tensions are 
produced. It may also be observed on a heavily varnished surface, and in num- 
erous other examples which depend only on tension. 

In a future article the author intends to find orthogonal systems of normal 
stresses for a number of cases where the law of the distribution of specific stresses 
in a plane is a given function of the coordinates and of the angle of inclination of 
the line-element at a point. 



DEPARTMENTS. 



SOLUTIONS OF PROBLEMS. 

ARITHMETIC. 

126. Proposed by G. B. M. ZEES, A.M., Ph.D., Professor ol Mathematics and Science, Chester High School, 
Chester, Pa. 

Bought 150 head of stock for $300, paying for each kind $2 5-6, $1 5-9, and $5-7, re- 
spectively. Find number of each kind bought. 

I. Solution by MABCUS BAKER, U. S. Coast and Geodetic Survey, Washington, D. C ; H. C. WHTTAKER, 
Ph. D., Professor of Mathematics. Manual Training School, Philadelphia, Pa.; COOPER D. SCHMITT. A. M., Pro- 
fessor of Mathematics, University of Tennessee, Knoxville, Tenn.; and CHARLES C. CROSS, Heredithville, Va. 

The conditions are z+j/+z=150, 2£x+l$y + 4z=300, and these to be 
solved in positive integers. 

Eliminating x we haveffy+J-l?"— 125 ; or 

3,^97-z-)- 133 ~ 106Z ■ Putl33-106z=161a. 
lol 



